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On the self-similarities of a model set
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Abstract. We present a method to determine certain self-similarities of model sets.

The collection of spaces and mappings

R 1 R" x Rk T2 Rk—n
U 1)
L
where£ C R¥ = R" x R is a lattice and
7 RF — R” (X1, X2, .y Xi) = (X1, X2, ..., X,)
7ot RF — RA" (X1, X2, v vy Xk) = (Xp+1, Xpa2s - v o s Xk) )

is called acut and project schem&, 2, 7, 10] if the following two conditions are satisfied:

(i) 71 restricted tal is injective;
(i) m2(L) is dense iRk,

For any compact s& c R¥~" such that

Q =int(Q) # ¢ (3)
we define the pattern

AQ) ={m(x) | x € L, m(x) € Q} (4)
called amodel sef{1, 2, 7,9, 10]. Using the mapping

L — RF" x5 x* = mp((mmy),) " Hx)) (5)
whereL = m1(£), we get

L={(x,x)|xelL) (6)

AQ)={xeL]| x*eQ). 7

A self-similarityof A(2) is an affine linear mapping [1]
A:R" — R":x+— Ax = ARx +v (8)

whereir € R — {0}, v € R", andR"” — R" : x — Rx is an orthogonal transformation such
that

xeARQ) — Axe AQ) 9)
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L166 Letter to the Editor
that is,
xeL Ax € L
x*eQ } { (Ax)* € Q. (10)
Some examples of model sets and self-similarities can be found in [1,3-6,8,11]. The
purpose of this letter is to present a method which allows us to determine certain self-similarities
of model sets. Our method is powerful [4—6], but, generally, it does not allow us to find all the
self-similarities of a model set [8].
We shall regardR” andR*~" as subspaces @&

RnE{(x17x27""xn7o""’o)| (xl’xz""’xn)eRn}

R = {(0,...,0,x1, X2, . ., Xeen) | (x1, X2, « .. Xpp) € RET") (11)
and we shall identifyr; andzw, with the mappings
7 R — RE mw(x1, X2, ..., X5) = (X1, X2, ...,%x,,0,...,0)
7o RF — RF To(x1, X2, ..., xx) = (0, ...,0, Xp41, Xp42, - . ., Xp). (12)
Let{eq, s, ..., e} be a basis oR* such that
L= Xk:Ze.j (13)
j=1
and let
P11 P12 --- DPu q11 412 ... {qiu
= P21 p22 ... P Ty = q21 422 ... QG2 (14)
Pk1 Pk2 ... Pkk gkl qrk2 .- Gkk
be the matrices af; andn, expressed in terms of the bagis, eo, . . ., ¢}, that is,
k k
e = Zpijei T2ej = Z%’jei (15)
i=1 i=1

foranyj e {1,2,...,k}.

Theorem. If A € R — {0}, A’ € [-1, 1], andv € L are such that the entries of the matrix

M = Am + )\/7'[2 (16)
are integers and
MNQ+vtCQ a7)

then
A R" —R': x— Ax=Ax+v

is a self-similarity of the model set(£2).

Proof. If the entrieskp;; + 1/q;; of M are integers then

k k k
Za_,-ej eL = M(Zajej> ZZ(Zaj()‘pij'l')‘/‘bj))ei €L
=1 = i

k
i=1 \j=1
whence

(x,x el = QAx+v,Mx*+v")=M(x,x*)+ @, v*) L.
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Since)’Q2 + v* C Q we get
x€eL } { Ax+veL
x*eQ (Ax +v)* = AMx*+v* € Q.
that is,
x e ARQ) = Aix+veAQ).
O

In order to illustrate our method we present an example. rLet (1 ++/5)/2 and let
o = (1 — +/5)/2. We consider the cut and project scheme [3]

Rz & RZ2x RZ2 2 R2
U (18)
L
where the lattice
L= {(or + oot + (a3 + aT)€/°, a1 + 020 + (a3 + a0)€™/5) | aj e} (19)

is defined by using the usual identificati®B8 — C : (a, b) — a + bi. In this case

L ={ay+0or +(aa+asn)€" | (a1, a2, a3, ) € Z* ) (20)
and

(01 + 0T + (a3 + 0aT)E D) = a1 + a0 + (ag + oo )/, (22)

Letr € (0, 00) and let

4
e[ e | @Eewct L) e
be the model set defined by using the window

Q={yeR?| |yl<r} (23)
One can see that

L = Zey + ZLep + Lez + Zey (24)
where

e1=(1,0,1,0

er = (1,0,0,0) (25)

e3 = (cogm/5), sin(xr/5), cog3x/5), sin(3/5))

eq = (t cog/5), T sin(rr/5), o cog3r/5), o Sin(3r/5)).
and
M(_ﬁfs__) M(fS__ﬁ_) 9)

25 7 25 V5 2v5° 25 /5

where
a ¢c 0O
c b 00
Md(a,b,c) = 00 a c 27)
0 0 ¢ b
The matrix

M = A+ N = M(a, B, y)
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has integer entries if and only if

5-1 5+1
a=\/_ )»+\/_ A

e
2.5 2V5
+1 -1
ﬁ=\/§ A+‘/§ VezZ (28)
%JE . 2/5
=——1——)Ne€eZ
VN
whence
Brta B—«
A= + 5
Fo Fo 9)
/ o -« 29
A= — 5
2 2 V5
y=8—o.
In view of the theorem, for any = p + gt # 0 belonging to the set
Bra B—« Brta pB—«
+ — <
{ 5 5 V5 a,ﬂeZ,‘ 5 5 Jé\l}
={p+qt| p,q€Z, |p+tqgo| <1} (30)

and for anyv € L such thatv*| < r — |p + go|r, the transformation

R? — R?: x> Ax +v
is a self-similarity of the model set,. More than that, since [3]

1/5 — _1 4¢g"/5 |(e2ni/5x)*| _ |eﬁni/5x*| = |x*] (31)
foranyx € L, it follows that A, admits the self-similarity

2 2. _ cog2r/5) —sin(2r/5)
AR — R 'XHAX_A<sin(2n/5) 005(271/5)>X+v' (32)

References

[1] Baake M and Mooy R V 1998 Self-similarities and invariant densities for model gé¢ebraic Methods and
Theoretical Physiced Y St Aubin (Berlin: Springer) at press

[2] Baake M, Moody R and Schlottmann M 1998 Limit-(quasi)periodic point sets as quasicrystals with p-adic
internal spaced. Phys. A: Math. Ger815755-65

[3] Bernuau G 1998 Propeie spectrales etapnetriques des quasicristaux. Ondelettes aszpaux quasicristaux
Ph D Thesis (Ceremade, Univesi®aris IX Dauphine, France)

[4] Cotfas N 1998 On the affine self-similarities of the three-dimensional Penrose patthgs. A: Math. Gen.
317273-7

[5] Cotfas N 1998 Modles matbmatiques pour cristaux et quasicristaBkh D Thesis (Institut National
Polytechnique de Grenoble, France)

[6] Cotfas N 1998 Permutation representations definedmjusters with application to quasicrystalstt. Math.
Phys.to appear

[7] Lagariass J C 1999 Geometric models for quasicrystals |. Delone sets of finiteltigoeete Comput. Geor2l
161-91

[8] Masakowa Z, Patera J and Pelantof 1998 Inflation centers of the cut and project quasicrystays. A:
Math. Gen.311443-53

[9] Meyer Y 1995 Quasicrystals, Diophantine approximation and algebraic nurBlegmnd Quasicrystals, Les
Houchesd F Axel and D Gratias (New York: Springer) pp 3-16

[10] Moody RV 1997 Meyer sets and their dudlee Mathematics of Long-Range Aperiodic OrddrR V Moody
(Dordrecht: Kluwer) pp 403—-41
[11] Patera J 1995 The pentacrystBeyond Quasicrystals, Les Houched F Axel and D Gratias (New York:

Springer) pp 17-31.



